An expression for the Hamiltonian H(q\, of a vibrating-rotating triatomic molecule is derived using three curvilinear coordinates gi, Q 3 in such a way that the Hamiltonian obtained is applicable to any bent triatomic molecule and allows for large displacements in all the three modes of motion. A variational technique is then used to calculate the low lying vibrational energy levels (vi, vi, r3) of the H2O molecule in its XxAi ground state. The kinetic energy of the Hamiltonian T (q\, Q2, Qs) takes into account the large amplitude character of the three modes together with their interaction. But in order to minimize the formidable amount of computation, a simple quadratic potential F(oi, Q2, 03) is assumed for all the three modes which only serves to illustrate the method of calculation.
Introduction
Large amplitude motions in polyatomic mole cules1, particularly the bending motion in a tri atomic molecule2, has been of considerable interest in recent years. Brand and Rao3 have obtained the Hamiltonian of a triatomic molecule allowing for two large amplitude stretching motions corresponing to the vibrations vi and ^3. The present paper is a sequel to and a generalization of their work and treats all the three modes of a triatomic molecule as large amplitude motions. The H2O molecule is considered for illustration.
The notation of the present paper is similar to that used in 3. Even though both the papers have many features in common, merely for the sake of completeness and continuity, we repeat the relevant formulae of the previous work3. Figure 1 illustrates the reference configuration of a bent triatomic molecule in the molecule-fixed coordinate system. Since we are now treating the complete motion of the molecule, there are neither small displacements d^t nor constraints on them. We describe the three modes of motion of the mole cule by the coordinates p i, p2 and £>3 where pi and P3, the coordinates representing the stretching motions, are defined by 3. 2pi = ri + r2 , and 2p3 = r i -r2 . (1) r\ and r2 are the instantaneous values of the bond lengths of the reference configuration. The bending angle is n -£2 where p2 is the supplement of the reference angle. The quantities a^i (pi, p2, £>3) de noting the reference positions 1, 2, 3 (see Fig. 1 ) are same as given in 3 but are now rewritten a s:
Reprint requests to Ch. V. S. Rao, Computer Section, Inco, Thompson, Manitoba, R8N 1P3, Canada.
2 P\= r, + r2 2 P3* r,-r2 
M az3 = [mi cos (p2 -e) + (mi + m2) cos e] pi + [mi cos (p2 -e) -(mi + m2) cos e] p3.
The above expressions together with the constraint conditions 3 e*ßy ^miaßi(Qs) (8ayi/Sps) = 0 (« = 1 ,2 , 3) 
+ ]/{Ui + U3)2 -4wi32 tan-1 ui + Us -2 u i3 Ml + tt3+ 2 Mis ta n (£2/2) where the constant of integration, unlike in 2* 3 is determined in such a way that £ = 0 when qi = qf (i -1, 2, 3). This is because we intend to use a simple quadratic potential even for Q2. Qie is the equilibrium value Qi. Ui, u3 and ^13 are given by m = M i(qi + q3)2/M , us = j / 3 (01 -qs)2/M and uis = M is(qi2 -qs2)IM .
The expression (9) for £(01, g2, Q3) obtained from £2 of (4) is not completely compatible with £1 and £3 unless it is supplemented by the relations (7) and (8). Thus for the sake of consistency, we obtain all the needed partial derivatives of (12) from (9).
2. The Hamiltonian Corresponding to the volume element dr = d^i do2 do3 sin 6 dö d<p dy , 
In the above, we note absence of terms involving vibrational co-ordinates "vibrational angular momenta" tzx and the Coriolis coupling constants This is the result of treating all three modes of motion as large amplitude motions.
The Hamiltonian representing the pure vibra tional levels (J = 0) is given by 
In the above, summation over r is assumed. The fourth and fifth terms of the above expression within the brackets, when expanded, take the form 0// djUrs 4 r" s(% ÖQr 5 dp dp J^^Z f r * <(*r) 00s The complete set of elements of I^ß and I st (a, ß = x ,y ,z \ 8, t -1,2, 3), evaluated explicitly from The geometrical nature of this equation which turns out to be elliptic4 analogous to the two dimensional case3 is discussed in Appendix B.
For small amplitude vibrations, I is a constant matrix. For a non-linear symmetric triatomic mole cule like H2O (mi = m3, rie = r2e), we have £i = 0, I\3e = 0 and / 23e = 0. Choosing the symmetry co ordinates a s5 
The notation in the above is standard5.
Computational Details
A variational method similar to that used pre viously3»6 was employed here to obtain the low lying vibrational energy levels of H 20 molecule. The matrix elements of the Hamiltonian are ob tained by numerical integration and the resulting matrix is diagonalized. There is a factorization of the final matrix into two blocks because of the vanishing matrix elements between |viv2^3ven) and I vi v2 V30dd> basis functions. For computational con venience, the Hamiltonian (12) is transformed into dimensionless coordinates qi given by qi = (y^Iii)1' 2 (Qi -Qie) (i = 1, 2, 3) (20)
where yfl = 4 n 2 c v^/h (ergs-1 sec-2) are the scal ing factors and the "reduced masses" l a are functions of p i, p2, p3.
Strictly speaking, the potential for the bending mode should be taken as a double minimum poten tial and that is what the large amplitude problem in triatomic molecules is mostly about2. But since our aim here is merely to illustrate the method of calculation for the complete problem and conse quently to reduce the formidable amount of compu tation, we assume a simple quadratic form of the potential for all the three modes. Thus In the case of H 20, p3e = 0. For the basis func tions I V1V2V3), we use a "triangular selection" with ni functions in q \, w2 functions in and n3 func tions in <73 and set a maximum value, Dmax, on the sum of the quantum numbers v\ + v2 + ^3 ^ i'max • Since the calculated frequencies are merely for illustration, we choose a small basis set, take umax = 3 and obtain the lowest four frequencies cor responding to vi, v2, 2v2 and . Were we to choose a double minimum potential for the v2 mode, as we normally should, the number of basis functions, particularly for | v2) woudl be very high for a rigorous calculation with consequent increase in the amount of computation.
In transforming the partial derivatives of H in (12), it is necessary to take into account the varia tion of l a {i = 1, 2, 3) with respect to pi, p2, £>3. The resulting Hamiltonian then takes the form H (pi, p2, Q2,) = flP l2 + /2P22 + /3P32 + UPIPZ + fsP2Ps + fe(ipi) + f i (ip2) + fs(ips) (h + V) (22) in which the fi are functions of p i, p2, Qs and H is in units of cm-1. In the above, we note the absence of a term p\p3 with coefficient ^13 which turns out to be exactly zero (see Appendix A). In the two large-amplitude Hamiltonian3 representing the stretching motions in n and r 3 ju\3 is small but non-zero.
We now need to obtain the matrix elements (v\ v2 V3 I HI v\ V2 V3) of H. The matrix elements of Pi = -1(8/6^) and the products of pi are well known5, but those of fi and V must be evaluated numerically. The latter require the evaluation of integrals of the form 00 00 00 I k = <,VlV2'V 3\fk \ Vi"V2"V3"y = J J J -00 -00 -00 • exp[-(qi2 + q2* + q32)] F kdq idq2dq3. (23) Fjc is given by F k= fovfai) cpvAq 2) <pv ,'(gs) <pVl"(qi) <pvAte) '<Pv,"{qs)] x fk(Ql,Q2,Q2>) One small point concerns the evaluation of p i, p2, p3 for each aj in order to calculate fi (pi, p2, P3) in (22). In the relations aj = { y t* i ii)w (q t -q f ) , (26) (• = 1,2,3; j = l , 2 , . . . , M ) , since la are functions of p i, p2, p3, the calculation is not nearly straight forward. We obtain the initial set of p i, p2, p3 values for a given aj assuming the values of l a at p4 -= gf (i = 1, 2, 3). Then a leastsquares calculation is made to fit each value of aj and the best set of p i, p2, p3 values is obtained. If M values of aj are chosen for numerical integration, then the M x M x M sets of p i, p2, p3 values form a three-dimensional grid. We then evaluate the basis functions \ V1V2V3) which are functions of qi, q2, <73 as well as the coefficients fi (pi, p2, P3) of (22) at M x M x M grid points to be used in numerical evaluation of matrix elements.
Application to the H 20 Molecule
We illustrate the method of calculation for H 20 molecule using a simple quadiatic form for the potential function. As was already mentioned, we choose to do so merely to avoid the large amount of computation one has to undertake if the r 2 mode is correctly represented by a double minimum potential.
The Hamiltonian matrix (vi'v2'v3 | H | viv2v3> factors into two symmetry blocks because there should be no mixing of | v\ v2 V| ven/0dd^> basis func tions with [ viv2v3ddlewen}. However, as was the case with the two-dimensional calculation3, because of the terms linear in pi, both types of functions must be employed to compute the energy levels with either ^vcn or ^dd.
The size of the basis set employed is 20 with v\ + v2 + ^3 ^ 3. The scaling factors n°, r 2° and *>3° are chosen as 3657,1595 and 3756 cm-1 respectively. The structural parameters and a simple set of force constants used in the calculation are given in Table I . This table also gives the observed fre quencies for the lowest four vibrational levels as wT ell as the frequencies calculated on the basis of small amplitude (19) and large amplitude (22) Ha miltonians. No attempt was made to refine the force constants. In view of the many limitations involved in obtaining the final numbers, any discussion of their significance is not quite meaningful. In spite of this, the fact that the overtone of v2 coming from the large amplitude Hamiltonian is closer to the observed value does indicate the trend of the cal culation.
Conclusions
On the basis of a three-dimensional Schrödinger's equation describing the large amplitude motions in the three modes of a triatomic molecule, we have calculated the lowest four vibrational frequencies of H2O in its X ground electronic state. Since our aim here is to present the complete mathematical formalism and demonstrate the method of calcula tion, Ave have not attempted to obtain the best set of numbers either for the frequencies or for the realistic potential field of the molecule. We have thus used only 20 basis functions Avith vi -f-v2 + v3
3 to obtain the Hamiltonian matrix and a 6 x 6 x 6 grid for numerical integration to obtain the matrix elements of jk q2, Q3)-Tavo aAT enues are noAv open if one intends to use the Hamiltonian (22) to obtain a good set of num bers using a double minimum potential for v2. Either one can employ the present method and expend a large amount of computer time, which may not be prohibitive, or look for a rigorous straight forward numerical technique of solving the threedimensional Schrödinger's equation obviating the necessity of having to evaluate numerically the matrix elements of a Hamiltonian with a large basis set.
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We use the folloAving notation for the constants
and C3 = M 1 M2\ \ ifi32.
Dividing both sides of (14B), (14D) and (14E) by both sides of (14F), (note that m 1 = m3 for H2O), we haAT e £l f3 ^22 = ^13 £2 C3/13 (£3-£l)2 sin^ Q2 Ei e3 Further, using the notation Substituting for cos2 p2 in the above from (^422) twice in succession, we obtain
Now substituting for cos £>2 in (A 22), we finally have
The di which are functions of qx, q2, q3 and the constants Cf are given by (A20) and (A3) 
